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Abstract. In this paper, we study the long-time behaviour of solutions of Cauchy problem 
for the parabolic p-Laplacian equation with variable coefficients. Under the mild conditions 
on the coefficient of the principal part and without upper growth restriction on the source 
function, we prove that this problem possesses a compact and invariant global attractor in 



1. Introduction 

The main goal of this paper is to discuss the long-time behaviour (in the terms of attractors) 
of the solutions for the following equation 

Ut-div{a{x)\Vu\P^^\7u)+P{x)u + f{u)^g{x), (t, x) £ (0, oo) x i?", (1.1) 

with the initial data 

u{0,x)=uo{x), (1.2) 
where p > 2, g e L?{R^), uo G L'^{R^), n > 2. Here, the functions a, (3 and / satisfy the 
following assumptions: 

a e LlAR^, a{-) > 0, a'^i^^ G LUR^), (1.3) 
/3 G L°°(i?"), /?(■) > 0, /3(x) > /3o > a.e. in > vq} for some tq > 0, (1.4) 
/ G C\R), fis)s > 0, V s G i?, /'(•) >~c, c> 0. (1.5) 
The understanding of the long-time behaviour of dynamical systems is one of the most 
important problems of modern mathematics. One way of approaching to this problem is to 
analyse the existence of the global attractor. The existence of the global attractors for the 
parabolic equations has extensively been studied by many authors. We refer to [1-7] and 
the references therein for the reaction-diffusion equations and to [3, 8-15] for the evolution 
p-Laplacian equations. When a{x) = 1, I3{x) = A, the existence of the global attractor for 
equation (1.1) was studied in [3, 8-11] for bounded domains and in [12-16] for unbounded 
domains. 

In this paper we deal with the equation (1.1) which contains the variable coefficients cr(-) 
and /3(-)- This type of equations have recently taken an interest by several authors. In [T7], for 
the case /3(x) = 0, the authors have shown the existence of the global attractor for equation 
(1.1) in a bounded domain. In that paper the diffusion coefficient cr(-) is assumed to be like \x\" 
for a G (0,p) and due to the studying in a bounded domain the authors prove the asymptotic 
compactness property of the solutions by using the compact embeddings of Sobolev Spaces. 
The existence of the global attractor for equation (1.1), under the assumption 

a{x)^\x\" + \xr , ae{0,p), -f>p+-{p-2), 

has been shown in [TB] . Although the authors in [TH] have studied the problem in an arbitrary 
domain, the compact embeddings could also be used to obtain the asymptotic compactness of 
solutions because of the conditions imposed on cr(-). 
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The main novelty in our paper is the following: (i) we weaken the conditions on the func- 
tion cr(-) which are given in [17] and [18], so that the embedding of the space with the norm 

(ll'^"llLg(n) + into the space L^(ri) is not compact, for each subdomain fl C i?"; 

(a) we remove the upper growth condition on the source term. 

The absence of the upper growth condition on / and the lack of the compact embedding 
cause some difhculties for the existence of the solutions and the asymptotic compactness of the 
solution operator in We prove the existence of the solutions by Galerkin's method and 

to overcome the difficulties related to the limit transition in the source term /, we apply the 
weak compactness theorem in the Orlicz spaces. To prove the asymptotic compactness of the 
solutions, we first establish the validity of the energy equalities by using the approximation of 
the weak solutions by the bounded functions and then apply the approach of [19^ by using the 
weak compactness argument. 

Our main result is as follows: 

Theorem 1.1. Let conditions (1.3)-(1.5) hold. Then problem (1.1)-(1.2) possesses a compact 
and invariant global attractor in L^{R"). 

The present paper is organized as follows. In the next section, we give some definitions and 
lemmas which will be used in the following sections. In section 3, the well-posedness of problem 
(1.1)-(1.2) is proved. In section 4, we show the existence of the absorbing set and present the 
proof of the asymptotic compactness to establish our main result. 

2. Preliminaries 

This section is devoted to give some definitions and lemmas which will be used in the 
next sections. In order to study problem (1.1)-(1.2), let us begin with the introduction of the 
spaces W and Wb- 

Definition 2.1. Under conditions (1.3)-(1.4), we define the spaces W and Wt as the closure 
ofC^{R") in the following norms respectively, 

\Mw ■= + I|w|Il2(^„) 

a{x)\Vu{x)f d^ +{^^l3{x)\u{x)\^ dx) 

\Mw, ^ \Mw + sup \u{x)\ . 

One can show that is a separable, reflexive Banach space and Wb is a separable Banach 
space. Now, before giving the definition of the weak solution of problem (1.1)-(1.2), let us 
define the operator A : W ^ W* as A(p = —div{a{x) [Vi^l^"^ Vi^) + /3{x)ip, where W* is the 
dual of W. It is easy to show that the operator A : W ^ W* is bounded, monotone and 
hemicontinuous . 

Definition 2.2. The function u e C{[0,T]; L^{R")) n Lp{0;T;W) nWl^^{0,T; L^{R")), satis- 

T 

fying J J f {u{t, x))u{t, x)dxdt < oo, u{0,x) — uq(x) and the equation 

(wf , w) + {Au, v) + {f{u),v) = {g, v) a.e. on (0, T), 

for all V ^ W n L°°{R'"-), is called the weak solution to problem (1.1)-(1.2), where (•, •) is the 
dual form between W and W* . 

Remark 2.1. To give a meaning to the third term on the left hand side of the equality given 
in the definition, it is enough to see that f{u) G L^(0, T; L^(i?")) + L2(0, T; L^(-R")). Let 
and XQ,2 &e ihe characteristic functions of the sets 

ni = {{t,x) e (0,T) X i?" : \u{t,x)\ > 1}, 
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Since 



O2 = {{t,x) e (0,T) X ii" : \u{t,x)\ < 1}. 

T 

J J \f{u{t,x))xnAt,x)\dxdt = jj \f{u{t,x))\dxdt 



fl" 



<yy f{u{t,x))u{t,x)dxdt< J J f {u{t,x))u{t,x)dxdt < 00, 

Qi fli 

we ^ei /(w)xoi G i^(0,T; L^(ii")) . On t/ie other hand, since 

T 

j j \f{u{t,x))xnAi^x)\^ dxdt = jj \f{u{t,x))fdxdt 
n2 

= jj \if{u{t,x))-f{0))fdxdt, 
by Mean Value theorem we have 

T T 

j j \f{u{t,x))xnAt^x)fdxdt<C jj \u{t,x)f' dxdt <C j j \u{t,x)f dxdt. 

Taking into account that u G L°°{0;T; L^iR"")), we get .f{u)xn2 e L^{0,T; L^{R'')). Since 

f{u{t, x)) = f{u{t, x))xn, {t, x) + f{u{t, a;))xn2 {t, x). 
we have f{u) G ^^(O, T; Li(i?")) + ^^(o, T; ^^(i?")). 



Lemma 2.1. The inequality 



liVulr 2„ 

" "L"+2 (_B(0,2r)) 



+ ll"llL2(7?"\B(0,r)) <^ ll"llL2(ijn) 



IS satisfied for all u € Cq'{R") and r > 0, w/iere -B(0,r) = {x : x £ i?", |a;| < r} and the 
positive constant C depends on r and n. 

Proof. Let >fi{-) G C^f (iJ") be such that < ip{x) < 1 and 

\ 0, a;Gii"\B(0,2), 
furthermore define ipr{x) = ip{f) and u{x) = {uipr){x). By the Sobolev inequaUty we have 

■ 



||w||^2(^n) < Cl ||VU||^^ 



Now, since 
and 



L2(S(0,r)) — ll"llL2(s(o,r)) - ir"lli2(ijn) 



< Wuf 



(2.1) 

(2.2) 



/ 



|Vu(a;)|"+2 da; 



< C2 



Vu{x) "+2 (/5r(a;) 



j \Viu^r){x)\ 

'4 1 



2n 

^+2 dx 



(V^)(^) 



da: 



(2.3) 
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< C4 ||Vu 



*"L^(B(0,2r)) ll"lli^(B(0,2r)\B(0,r))^ ' 



from (2.1)-(2.3), we obtain 



ll"llL2(B(0,r)) 

By adding ||w||^2(jjn\s(o,r)) *° both sides of the above inequahty we get the claim of the 
lemma. □ 

Lemma 2.2. Assume that the conditions (1.3)-(1.4) are satisfied. Then for all u S C§°{R") 
the inequality 

which yields W C L'^{R"), is satisfied. 
Proof. The Holder inequality yields 



/ 



/ 



\Wu{x)\"+' dx < 



S(0,r) 



a{x) \Vu{x)\^ dx 



\B(0,r) 



p(n+2) 



J 



p(n+2)-2r, 
\ p(n+2) 



a P(n+2)-2n (^x)dx 



3(0,r) 



for every r > 0. Prom the assumption (1.3) it follows that 

IIVull ^ 

" "Z, 1+2 (5(0,, 

On the other hand by condition (1.4), we have 



||Vu|| ^ < c(r) \\u\\y^ , 



lL2(ii"\B(0,ro)) ^ f^O 



< 00 ^ h\ 



w ■ 



Taking into account the previous lemma and (2.4) - (2.5), we obtain the result. 



(2.4) 

(2.5) 
□ 



Lemma 2.3. Let the conditions (1.3)-(1.4) are satisfied. Then Bk : W ^ W is a continuous 

k. s > A;, 

map and lim llu — Bfe(w)||T^^ = 0, for every u G W, where Bk(s) = { s, \s\ < k, for 

fe->oo 



S&R. 



lim = 0, 



Proof. By the definition of W, for any u€:W there exists a sequence {um\m=i Cq^{R^) such 
that 

(2.6) 
(2.7) 
(2.8) 



which according to the Lemma 2.2 yields 



Now, let us show that 
Since 



-''n|lL2(i{n) — 

lim \\Bk{u) - Bk{um)\\w 

m— >oo 

\Bk(u) - Bk{v)\ < \u - v\ , \/u,v&R, 



0. 



by (1.4) and (2.7), we have 

limsup / /3(x) \Bk{u){x) - Bk{um){x)\^ dx < ||/3||icx=(^„) limsup ||w - Mm|li2(^„) = 0. (2.9) 



By (2.6), it follows that 



lim / a{x) \'Vum{x)\^ dx = / a{x) \\7u{x)f dx, 



(2.10) 
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< 2^1im suplim sup 

r— >oo m— ^oo 



for every measurable E d RP'. By the last equality, we find 

lim suplim sup / cr{x)\VBh{u){x) — VBh {um ){x)f dx 

r— )-cx3 m—^oo J 

R''\B{0,r) 

J a{x)\'^Umf dx+ J a{x)\Vufdx 

\/?"\B(0,r) ii"\B(0,r) 

= 2f+Mimsup / cr{x)\Vufdx = 0. (2.11) 

r— >-oo J 

fi"\S(0,r) 

By (2.4) and (2.6), there exists a subsequence {umj}J'_^ such that 

Vumj{x) ^ Vu{x) a.c. on B{0,r). 

Then by Egorov's theorem for any 6 > there exists a measurable Eg C -6(0, r) such that 
mes{Es) < 6 and 

Vumjix) ^ Wu{x) uniformly on B(0,r)\£5. (2.12) 
By (2.10) and (2.12), we get 

limsup / a{x) \VBh{u){x) -VBh{umi){x)\'^ dx <2P+hiuisup a{x) \Wu{x)f dx 

j—^oo J (5— J-0 J 
B{0,r) Es 

+lim suplim sup / a{x) | V-B/j (u) (x) — VB^ (um, )^ dx 

5— >-0 j^oo J 

{x: k-&<\u{x)\<k+&}n(B{Q,r)\Es) 

< 2P+^lim sup / cr{x)\Vu{x)\^ dx 

5-)-0 J 

{x: fe-5<|M(x)|</c+5}nS(0,r) 

= 2P+i j (7(x)|Vu(x)f 

{k: \u{x)\=k}nB{0,r) 

<2f+i y" c7(x)|Vu(x)|^da; + 2P+i y a{x)\Vu{x)\^ dx = 0. 

{x: u{x)=k} {x: u(x)=— fe} 

By the same way, one can show that every subsequence of has a subsequence satisfying 

the above equality. So, we have 

lim / (j{x)\WBk{u){x)-yBk{um){x)\^ dx = Q. (2.13) 

m— >-oo J 

B{0,r) 

By (2.9), (2.11) and (2.13), we obtain (2.8). 

Now, let us show that for any u G C^{R") and fc e N there exists {vm}Z=i C C^{R") such 
that 

lim \\Bk{u) - VmWw = (2-14) 

m— foo 

Denote Vm{x) = {pm * Bk{u)){x), where Pm{x) = \ -^"^"^ i-m-^M'^ , |x| < ^, ^ ^ g g^^^ 

_ 1 

= J^^. i^i^j^j e i-i^i^ dx. Since u e C^{R'^), by the definition of the function Bk{-), we 

have Bfc(w) € H^o'°°(S(0, r)) n Co{B{Q,r)) and e C^{B{0,r+ 1)), for some r > 0. It is 
well known that 

lim \\Bk{u) - Vm\\w^,2rjin) =0. (2.15) 
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By (1.4) and (2.15), we obtain 

limsup / I3{x)\vm{x)-Bk{u){x)fdx = 0. (2.16) 

m— )-cx3 J 

Also by (2.15), we have 

— ^ ^Bk{u) in measure on R". 

Since 

W^Vmhoo^nn) < ||VBfe(u)||^oo(fl„) < c, Vm,fc G N, 
applying Lebesgue's convergence theorem, we get 



lim a(x)\Vvm{x) -VBMtxW dx 

m—^co J 

lim / a{x) \Vvm{x) - VBfe(u)(a;)|^ dx = 0. 

m—^oo J 



B(0,r+1) 

which together with (2.16) yields (2.14). By (2.8) and (2.14), for every u eW and fc £ N there 
exists a sequence {um}m=i C^{R"') converging to B}.{u) in the norm of W. It means that 
Bk{u) e W, for every u € W. 

Now, using the argument done in the proof of (2.8), one can prove that if {um,}m=i converges 
to u in as m — >■ oo, then {Bk{um)}m=i converges to Bk{u) in W as m ^ oo. Also, by the 
definition of the function Bk{-), it is easy to show that {-B/c(w)}^i converges to u in W as 
fc -)■ 00. □ 

Remark 2.2. By (2.8) and (2.14), for every u & W and fc G N there exists a sequence 
{vm}Z=i C Co°°(i?") such that 

lim \\Bk{u) - VmWw ^ ^ '^'^^ sup ||wm||^oo(^„) < fc. 

On the other hand, by the definition of Bk{-), for every u G L°°{R^) and k > ||w||j;,oo(/{n) 

Bk{u) = u a.e. on i?". 
Hence, for every u € Wr\ L°°{R^) there exists a sequence {wm)'^^x C C^{R^) such that 
lim \\u-Wm\\w = ^ ^'^v\\wm\\Loomn)<\\u\\j^oomn) + l- 

3. Well-posedness 

We prove the existence of the weak solution to problem (1.1)-(1.2) by Galerkin's method. 

Theorem 3.1. Assume that the conditions (1.3)-(1.5) are satisfied. Then for any uq G LP'{R^) 
and T > 0, there exists a weak solution to (1.1)-(1.2). 

Proof. Let us consider the approximate solutions {um{t)}'^^-^^ in the form 

m 

Um{t) = y^^Cmk{t)ek, 
fe=l 

where {ej}°^^ C C^{R^) is a basis of the space Wb and the functions {cm/s(i)}fcLi are the 
solutions of the following problem : 



E C'rnk(t)(^k, ej) + {A{J2 Cmk{t)ek), ) + { f{J2 Cmk{t)ek), Cj 

k=i I \ fc=i / \ fc=i / 

= (5,6^) , t > 0, 3 = l,...,m, (3.1) 

E CTOfe(0)efc — >■ Mo strongly in L'^{R"-) as m — >■ oo. 
k fe=i 



LONG-TIME DYNAMICS 



7 



By the boundedness, monotonicity and hemicontinuity of A : W ^ W* it follows that this oper- 
ator is demicontinuous (see [20l Lemma 2.1 and Lemma 2.2, p. 38]). So, since det{{ej,ek)) ^ 
and / is continuous, by the Peano existence theorem, there exists at least one local solution to 
(3.1) in the interval [0,T^). Multiplying the equation (3.1)j, by the function Cmj(t), for each 
J, adding these relations for j — 1, m and integrating over (0, t), we have 



||u™(i)|li2(fl„) + 2 /" f (aix)\\/um{T,x)f + l3{x)\u^iT,x)\^^ 



dxdr 



(3.3) 



fi" 

t 

+ 2 J j f{u.m{T,x))Um{T,x)dxdT 

t 

j g{x)Um{T,x)dxdT+\\Uram\l2(^R^). < t < T^. (3.2) 
fi" 

Since by the last equality 

||Um|lL°°(0,T™;L2(fl..)) 

we can extend the approximate solution to the interval [0,T], for every T > 0. Taking into 
account (3.3) in (3.2), we get 

t 

||Mm(i)|li2(j^„) + J J (^a{x)\Vum{T,x)f + l3{x)\um{T,x)f^ dxdr 
t 

+ J j f[u„i{T,x))um{T,x)dxdT <C2, Vte[0,T], (3.4) 

where f{umit,x)) — f{um{t,x)) + cum{t,x) and c is the constant in condition (1.5). Now, 
multiplying equation (3.1)^ by the function c'^^j{t), for each j, adding these relations for j = 
1, ...,m, integrating over (s,T) and taking into account (3.3), we have 

T 

2 



||Mmt(t)|li2(^„) + F{Urn{T,x))dx < a{x) \Vu,n{s, x)f dx 



R" R" 



+ J P{x)\Umis,x)\ dx + J F{Umis,x))dx + C3, 

u 

where F{u) — J f{s)ds. Integrating the last inequality over (0,r) with respect to the variable 



s and taking into account (3.4), we get 

ll'"™t|lL2(e,T;L2(fl^™)) <C4{e), (3.5) 

for every e G (0,T). By the estimates (3.3)-(3.5) and the boundedness of the operator A : 
LP(0, T; W) (0, T; W*), we obtain (up to a subsequence) that 

u,„ ^ u weakly star in L°°{0,T; ^^(i?")), 
u^t^Mt weakly in L2(e^T;L2(i?n))^ Vee(0,T), 
M^^it weakly in LP (0,T;W), 
Aum^X weakly in L5^(0,r;VF*), 

as m oo, for some x G L?^(0,r;M^*). So, by (3.6), we get 

w G C([e,T];i2(i?«)). (3.7) 
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Since by (2.4) and (3.4), the sequence {u^} is bounded in 2.^(0, T; W^;;^"+' (i?")), using (3.5) 
and Aubin type compact embedding theorem (see Corohary 4]), we have the compactness 
of {um} in L^{s, T; L\^^{R^^)) for every e G (0, T). Hence there exists subsequences {um\}^^i C 
{'^m~^^}n=i C ••• C {Mm}m=i and Efe \ such that 

ulld —?■ u a.e. on {ek,T) x B{0, k), 
as n oo. Now, applying the diagonahzation procedure, we obtain (up to a subsequence 
{uml}) that 

u^^u a.e. on (0,r)xi?", (3.8) 

as m ^ oo. Now, because the sign of the function f{u) is the same as the sign of u, together 
with (3.4), it follows that 



/ / f{uti{T,x))u+^{T,x)dxdT < C5, 

o«" ^ , VtG [0,T], 

/ / /(Wm(T,a:))Wm(T,x)da:;dT < C5 
fli 



(3.9) 



where = max{um,0} and u„ — min{um,0}. Since the function /(•) is continuous, increas- 
ing, positive for a; > and /(O) = 0, we can define an A^-function (see [55] for definition) 

|x| 



which has a complementary A'^-function G as follows: 

\y\ 

G{y) = / r\T)dT. 



By definition of G(-) and (3.9)i, we get 

T T 

G{J{u^{T,x))dxdT < / I f{u+{T,x))u+{T,x)dxdT <C5, 



fl" 



_R" 



and consequently we obtain 



fiO 



L*,((0,T)xB(0,fe) ) 



< C5 + 1, 



(3.f0) 



for every k eN, where L'^{{0, T) x 5(0, k)) is the Orhcz space (see [22] for definition). On the 
other hand, defining 17(5) = — /^^(— s) for s > 0, we can construct a new A^-function $ such as 

\y\ 



Choosing y — ^,f{u^) and taking into account (3.9)2, we get 

T T 

*(/(Wm(r,a;))da;(iT < / / /(u„(r, a;))M^(T, a;)da;(iT < C5, 



fi" 



fl" 



and consequently 



LJ((0,T)xB(0,fe) ) 



< C5 + 1, 



(3.1f) 



LONG-TIME DYNAMICS 



9 



for every k gN. By using (3.8), continuity of /(•) and the functions maxjs, 0} and min{s,0}, 
it can be inferred that 

I Rutn) liu^) in measure on (0, T) x B{0, k), 
1 f{u:^)^f(u^) in measure on (0, T) X 5(0, fc). 

Now, taking into account (3.10)-(3.12) and using the [22l Theorem 14.6, p. 132], we get 

T 

f{u^{t,x))v{t,x)dxdt ^ J J f{u'^{t,x))v{t,x)dxdt, W v £ Ep, 

B(0,fe) 5(0, fe) 

T T 

f{u^{t,x))w{t,x)dxdt^ J J f{u^{t,x))w{t,x)dxdt, Vw £ E^s,, 

B(0,fc) B{0,k) 

for every fc e N, where "if is the complementary iV-function to $ and Ep , E^ are the closures 
of the set of bounded functions in the spaces i~((0,T) x B{0,k)) and iJ((0,T) x B{0,k)), 
respectively. The last two approximations together with (3.6) i yield that 

T T 

f{u^{t,x))v{t,x)dxdt j j f{u+it,x))v{t,x)dxdt, V w e L°°((0,r) x i?"), 

B(0,fe) B(0,fe) 

T T 

f{u;;^{t,x))w{t,x)dxdt ^ J J f{u-{t,x))w{t,x)dxdt, Vw 6 i:°°((0, T) x i?"). 

B(0,fe) B(0,fe) 

Now, since 

f{um{t, x)) = /(u+ (t, x)) + /(w;;(t, a;)), 

we obtain 

T T 

f{u„iit,x))v{t,x)dxdt ^ J J f{u{t,x))v{t,x)dxdt,\fveL°°{{0,T)xR'"), 

B(0,fc) B(0,fc) 

(3.13) 

for every fc £ N. By (3.4)-(3.6), we have 

{u,n,ej} ^ {u,ej} weakly star in L°°{0,T), (3.14) 
(umt.ej) -J> {ut,ej) weakly in L^{£,T), Ve € (0,r), 

(Au™,ej) ^ (X,ej) weakly in L?^(0,T), (3.15) 
(/(zi™),e,)^(/(u),e,) \nD'{Q,T). 
As a result, we can write that 

{ut,e,) = -{x,e,) - (/(«), e,) + (.g,e,) in D'{0,T)- (3.16) 
On the other hand by (3.4), we have 

T 

f{um{t,x))u„i{t,x))dxdt < C2- (3.17) 

fl" 

Taking into account (3.8) and applying Fatou's lemma to (3.17), we obtain 

T 

f{u{t,x))u(t,x))dxdt < 02- 

fl" 
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As it was mentioned in the Remark 2.1, the last inequahty gives us that 

f{u) e L\0,T;L\R") + L^R")). 
So, the equahty (3.16) is satisfied a.e. in (0, T) and by the density of {ej}°^-^ in Wj, we get 

{ut,v} = - (x, v) - (/(w), v) + (g, v) a.e. on (0, T), 
for every v G Wb, which together with Lemma 2.2 and Remark 2.2 , gives 

{ut,v) = - (x, v) - (/(w), v) + {g, v) a.e. on (0, T), 

for every v e W L°°{K^). From the last equality it follows that ut e L^{0; T; L^{K^) + W*) 
and 

ut^~X~f{u)+g, in L'{0;T;LHW') + W*). (3.18) 
By M G L'=°{Q,T\L^{R'^)) and Ut G L^{0]T;L^{R'^) + W*), we have 

u G C([0,T];ii(i?") + T4^*) 

and consequently 

uGa(0,r;ii(i?") + W^*) 

Since by [131 Lemma 8.1, p. 275], 

L°°(0,T;L2(i?")) nC,(0,T;Li(i?") + M/^*) = C,(0, T; L2(i?")), 

we get 

u G C,(0,T;L2(i?»)). (3.19) 

Also, applying the argument done in the Remark 2.1 to (3-17) it is easy to see that the se- 
quence {f[um)}'^^i is bounded in L^(0, T; L-^(i?") + L^(i?")), which implies the boundedness of 
{{f{'^m),Gj)}'^^-y in L^{0,T). So, taking into account the boundedness of {{A{um),s-j)}'^^i in 
Ll^(0,T) and{(/(M„),ej)}^^^ inL^{Q,T), by (3.1), we have that the sequence {(wmt, e^)}^^^ 
is bounded in L^(0,T) which, together with (3.14), gives us 

(u™(0),ej) -> (u(0),ej) , j = l,2,... . 

On the other hand, since 

Um(0) -> Wo strongly in L^(i?"), 

we have u(0) — uq. Hence, taking into account (1.3)-(1.5), (3.6) and passing to the limit in 
(3.2) when m — )■ oo, we get 

t 

||w(i)lli2(^„) < 2 j j g{x)u{T,x)dxdT + \\u{Q)\\\2^R^y 

R" 



and consequently we have 
By (3.7), (3.19) and the last inequality we obtain 



limsup||u(t)||^2(^„) < ||w(0)||^2(^.) . 



wGC([0,r];L^(i?")). 

Now, since the operator A : LP{Q,T;W) L^p^ {0,T]W*) is bounded, monotone and hemi- 
continuous, to prove that x = ^'^i in addition to (3.6)3 and (3.6)4 we need to show that 

T T 

limsup J {Aum{t),Urn{t))dt < J {x{t),u{t))dt (see [23 Lemma 2.1, p. 38]). By (3.2), we have 

m^oo 

T T 

{Au„i{t),u,n{t)) dt = j j {a{x)\Vura{T,x)\^ + j3{x)\um{T,x)\'\ dxdr 

fl" 
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T 

{g{x)Um{T,x) - f{Um{T,x))Um{T,x))dxdT 
fl" 

1 2 1 2 

+ 2 - 2 \\um{T)\\^2^iir.^ ■ 

Since ^^(0) — >■ Wo in L'^{R^), taking into account (3.6) and (3.8), and applying Fatou's lemma, 
we find 

T T T 

limsup / {Aum,Um)dt< / / g{x)u{T,x)dxdT — / / f{u{T,x))u{T,x)dxdT 

m—^oo J J J J J 

OR" OR" 

+ ^IKO)lli.(fl.)-^IKr)||i.(H„). (3.20) 

On the other hand, by Remark 2.1 and Lemma 2.3, we can test (3.18) by B}.{u) on (e, T) x i?", 
which gives us 

T T T 

j {x{t),Bk{u){t))dt = J J g{x)Bk{u){t,x)dxdt- j j f{u{x,t))Bk{u){t,x)dxdt 

s e R" s R" 

i(e, x)B}^{u){e, x)dx — j u{T, x)Bi^{u){T, x)dx 

R" R" 

+ \ ||i3fc(w)(T)||^.(^„) - i ||i3fc(w)(£)|li.(«„) ■ 

Taking into account Lemma 2.3 and passing to the limit as A; ^ oo, in the last equality, we 
obtain 

T T T 

{x{t) , u{t)) dt = J J g{x)u{t, x)dxdt — \im J J f{u{t,x))Bk{u){t,x)dxdt 

e e R" e R" 

+ (3.21) 

Since, the sequence {f{u{t, x))Bk{u){t, x)}^^-^ is non-decreasing and Bk{u) — > w in C([0, T]; L^(i?")), 
by monotone convergence theorem, we have 

T T 



+ / U 



Jim J J f{u{t,x))Bk{u){t,x)dxdt = J J f{u{t,x))u{t,x)dxdt, 

e R" s R" 

which together with (3.21) yields 

T T r 

J {x{t),u{t)) dt = J J g{x)u{t,x)dxdt — j j f{u{t,x))u{t,x)dxdt 



e R" e R" 

+ 1 Il^^(£)lli2(fl„) - ^ ||w(T)||^2(fln) . 

Since u G ^^([0, T]; L^(i?")), passing to the limit in the last equality as e — >^ 0, we get 

T T T 

f{u{t, x))u{t, x)dxdt 

OR" OR" 

+ \\\um\UR")-\\HT)\\l.(^.y 

Taking into account the last equality in (3.20), we obtain x = which completes the proof 
of the existence of the solution. □ 



11 1 
j {x{t),u{t)) dt = j j g{x)u{t,x)dxdt- j j , 
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Theorem 3.2. Let u and v be weak solutions of problem (1.1)-(1.2), with initial data uq and 
vq, respectively. Then 

\\u{T) - z;(T)||^.(^„) < \\uo - t;o|L2(^„) , VT > 0, (3.22) 

where c is the same constant in (1.5). 

Proof. Denoting w = u — v, we have 

( wt + {A{v + iu) - Av) - CW + f{v + w) - f{v) = 0, 

\ w;(0) =uo-vo. ^ ' ' 

Testing (3.23)1 by Bk{w) on {£,T) x ii" and taking into account the monotonicity of the 
function /, we get 

j w{T,x)Bk{w){T,x)dx - i \\Bk{w){T)\\] 



+ j j a{x){\Vu{t,x)\^~'^Wu{t,x)-\Vv{t,x)\^~'^Wv{t,x))-yBk{w){t,x)dxdt 

T 

< j w{x,e)Bk{w){£,x)dx -^\\Bk{w){e)\\l2(^iin)+ c j j w{x,t)Bk{w){t,x)dxdt. 
By the definition of Sft(-) and monotonicity of the function s^"^ for s > 0, we have 

T 

j j c7(a;)(|Vu(i,a;)|^"^ \/u{t,x)-\Vv{t,x)f~'^ Vv{t,x))-VBk{w){t,x)dxdt 



e Rn 

T 



s {xeR^,\w(t,x)\<k} 
T 



= j j (j{x){\Vu{t,x)\^ ^Vu{t,x)-\Vv{t,x)\^ ^ Vv{t,x))-V{u{t,x)-v{t,x))dxdt 

>j j a{x){\Vu{t,x)\^ -\Vu{t,x)\^~^\Vv{t,x)\)dxdt 

s {xeR^ ,\w{t,x)\<k} 
T 

+ j j a{x){\Vv{t,x)f -\Vv{t,x)\''-^\Vu{t,x)\)dxdt 



s {xefl'',|«j(t,x)|<fe} 



1 

= j j a{x){\Vu{t,x)f~^ -\Vv{t,x)f~^){\Vu{t,x)\-\Vv{t,x)\)dxdt>Q. 

e {xeR" ,\w(t,x)\<k} 

By the last two inequaUties, we find 

w{x,T)Bk{w){T,x)dx -'^\\Bk{w)iT)\\\2(^ii^) < j w{e,x)Bk{w){e,x)dx 

T 

ll-Bfe(w)(£)llL2(ij'.) +c J J w{x,t)Bk{w){t,x)dxdt 

e R" 

Passing to the limit as fc — >■ 00 and £ — > in the above inequality and taking into account 
(3.23)2, we obtain 

T 

11 f 

2 lk(^)llL2(ii-) < 2 ll"o - wo||i2(fl„) +cj ||w(t)||^2(fl.) dt, VT > 0, 
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which by Gronwall's lemma yields (3.22). □ 

Thus, by Theorem 3.1 and Theorem 3.2, under the conditions (1.3)-(1.5) the solution opera- 
tor S{t)uo = u{t) of problem (1.1)-(1.2) generates a strongly continuous semigroup in 

4. Existence of the global attractor 

We begin with the existence of the absorbing set for the semigroup {5'(f)}j>o • 

Theorem 4.1. Assume that the conditions (1.3)-(1.5) are satisfied. Then the semigroup 
{S{ty]^^Q has a bounded absorbing set in L^{R"), that is, there is a bounded set Bq in L^{R^) 
such that for any bounded subset B of L?{R^), there exists a Tq = Tq{B) > such that 
S{t)B c Bq for every t > Tq. 

Proof. Multiplying the equation (3.1)^ by the function Cmj{t), for each j, adding these relations 
for j = l,...,m, we get the following equality : 

||Mm(i)||i2(fln) + j a{x)\Vum{t,x)f dx + j I3{x)\um{t,x)f dx 

+ j f{um{t,x))um{t,x)dx = j g{x)um{t,x)dx, Vt > 0. (4.1) 



Since 



1 + 



J a{x)\'Vum{t,x)f dx > ij a{x)\'Vum(t,x)f dx 



R" 

by taking into account Lemma 2.2 in (4.1), we obtain 

^ + Ci ||Wm(t)||i2(^„) < C2 ||c/||i2(fl.) + 2, 

and consequently 

hmiml^Rn) < e-^^* hmmil^Rr^) + ^(C2 ||5lli2(^„) + 2), 

^1 

for some Ci > and C2 > 0. By (3.6)i and (3.6)2, we have 

Um^u weakly in C{[s, T]; L^iR"^)), VT > £ > 0, 

which yields 

Um{t) u{t) weakly in L^{R"), Vi > 0. 
On the other hand, since ^^(0) — >■ Uq strongly in L^(ii"), passing to the limit in the last 
inequality we find that 

Bo = |« G L\R^) : ||«|L2(fl„) < ^(C2 Ml^^nn) + 2) + 1 

is an absorbing set for {5'(t)}j>p. □ 

Now, let's prove the asymptotic compactness property of the semigroup {5(t)}j>Q . 

Theorem 4.2. Let conditions (1.3)-(1.5) hold and B be a bounded subset of L?{R"'). Then 
the set {S{tm)Vm}'^^i is relatively compact in L'^{R"), where tm — >■ 00, {Vm}m=i ^ ^■ 

Proof By Theorem 4.1, there exists Tq = To{B) > such that 

\\s{tMmRr^) < ci, y t>To, y^peB. (4.2) 

For any T > and {tm^} C {tm} such that tmk > T + Tq let us define 

Uk{t) := S{t + tm, - T)<fim, , (4.3) 
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where Uk is the solution of (1.1) with the initial condition Ufe(O) = S{tm^ ~ T^^pm^. Putting Uk 
instead of u in (1.1), formally multiplying the obtained equation by Wfe and tukf, integrating 
over (0,T) x ii" and then taking into account condition (1.3) -(1.5) and (4.2)-(4.3), we find the 
following estimates 

IKfc|ll,P(0,T;VK) + ll^'s|li:,«'(0,T;i:,2(i{n)) 
T 

h / / f{uk{t,x))uk{t,x)dxdt < C2, 



UkW 1 2". 

"lp{0,T;W ' (S(0,r)) 

. + hkt\\L2(^,^T;L^Rn)) < Ce,r, Ve € (0,T), Vr > 0. 

These estimates can be justified by using Galcrkin's approximation as it was done in the previous 
section. So, repeating the argument done in the proof of Theorem 3.1, for the subsequence of 
Uk, without changing the name of it, we have 

' Uk^w weakly in LP{0,T]W), 
Uk^w weakly star in L°°{0,T; L^{R'')) 
Ukt wt weakly in L''{e, T; ^^(i?")), 
A.Uk X weakly in (0, T; W*), 

Uk ^ w a.e. in (0,T)xi?", 
[ f{uk)-^fH in Z?'(0,Txi?"), 



(4.4) 



where x e (0, T; W*), w € L°°(0, T; L^iR"^)) n ^^(0, T; W) n W'^''^{e, T; ^^(i?")) and 

T 

/ / /(^(^) 2;))ii;(t, x)dxdt < oo. Now, putting instead of u in (1.1) and passing to the limit, 

fi" 

we find 

wt + x + f{w) = g- 

Taking into account Remark 2.1 and Lemma 2.3, and testing the above equation by Bk{w) on 
(s, T) X R", we obtain 

XT T 

j {x{t),Bk{w){t))dt = j j gix)Bk{w)it,x)dxdt- j j f{w{t,x))Bk{w){t,x)dxdt 



s R" 



s R" 



J 



w{T, x)Bk {w){T, x)dx 

, VT > s > 0. 



w{s, x)Bk{w){s, x)dx 

+ \ \\Bk{w){T)\\l.^^„) - 1 \\Bkiw)is)\\l.^^„^ 

Again repeating the argument done in the proof of Theorem 3.1, passing to the limit as fc oo 
and integrating the obtained equality from £ to T with respect to s, we get 

T T T T 

^iT-s)\\w{T)\\l,^j,^^+ J J {xit),w{t))dtds + J J J f{w{x,t))w{x,t)dxdtds 



e s R^ 



T T 



= \ j \\w{s)\\\2(^ifn^ds + j j J g{x)w{x,t)dxdtds, VT > e > 0. (4.5) 

6 6 S R" 

Now, putting Uk instead of u in (1.1), testing this equation by Bm{uk) on (s, T)xR'^, integrating 
the obtained equality from £ to T with respect to s and passing to the limit as m — >■ oo, we 
obtain 

T T T T 

i(r-£)|K(T)||i.(^„)- 



{Auk{t), Uk{t)) dtds 



f{uk{t, x))uk{t, x)dxdtds 
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T T T 

= \ j \Wk{s)\\l.(Rr.)ds + j j j g{x)uk{t,x)dxdtds, VT > £ > 0. (4.6) 

s s s fl" 

By (4.2)-(4.4), we have 

T T T T 

liminf J J {Auk{t),Uk{t)) dtds - j J {x(t) , w{t)) dtds 



T T 



liminf / / {Auk{t) - Aw{t),Uk{t) - w{t)) dtds 
*->oo J J 
e s 

T T 

> caliin inf j j \\uk{t) - w{t)\\^ dtds, 



(4.7) 



and 

T T T T 



liminf J J J f{uk{t,x))uk{t,x)dxdtds> J J J f{w{t,x))'w{t,x)dxdtds. (4.8) 



6 s R'l- e s R'* 

So, by (4.4)-(4.8), we obtain 

T 



(T - e)liminf \\uk{T) - w{T)\\'^„. +2c3liminf / (s-e) \\ukis) - w{s)f^ ds 

k^oc ^ ^ /c— >oo J 

e 

T 

< li™inf j \\uk{s) — w(s)||^2(fln) ds, VT > e, 

e 

and consequently 

T 

(T - £)liminf \\uk{T) - w;(T)||^.(^„) +'=4lnninf j s \\uk{s) - w{s)\\l,^^^^ ds 

T 

<lim^inf j \\uk{s) - w(s)|1^2(^„) ds, VT > 2e. 

£ 

Taking into account (4.2), (4.3) and (4.4)2 in the integral on the right hand side of the above 
inequality, we have 

T T 

j \\uk{s)-w{s)\\l^^^n^ds<2c\e+2ci j \\uk{s) - w{s)\\j^,^^„)ds, VT>2e. 

e 2s 

Applying Holder inequality, we get 

T 



\\uk{s) - w(s)llL2(«„)ds 

iog'(£) (/«ll«fc(s)-Ms)|li2(^„)c;s] , p = 2, 



/ .1 , VT>2£. 

p-1 / 7^ 



(^(^^-(2£)^)) ' U'^hk{s)-w{s)\\l.^^„^ds\ ,p>2 
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The last three inequahties together with (4.4)2-(4.4)3 give us 

Hminniminf ||w/c(r) - Mj(T)|L2|-n,.-, < ^ 



and consequently 




liminf liminf \\S{tm)^rn - S{tk)ipk\\L2(R 




2cle 



^1 ^^jT^~i2e)^),P>2 ' ^^^2" 



P-2 

Passing to the limit in the above inequality as T oo, we have 

liminf liminf \\S(tm)(p7n - S(tk)ipk\\L'2(B^) = 0- 
By the same way, one can show that 

liminfliminf ||S'(i„J<y9„i^ - S{tjnJ^mJ\r2ir,^) =0, (4.9) 

for every subsequence {mfe}^^. Now, using the argument done at the end of the proof of [TOl 
Lemma 3.4], let us show that the sequence {S{tm)fm}m=i is relatively compact in L^{R"-). If 
not, then there exists £o > such that the set {S {tm)'Pm}^=i ^'^ finite eo-net in L^{R"). 
This means that there exists a subsequence {ti^I^j^, such that 

The last inequality contradicts (4.9). □ 

Thus, taking into account Theorem 4.1, Theorem 4.2 and applying "M", Theorem 3.1] we 
have Theorem 1.1. 



References 

[1] R. Temam, Infinite-dimensional dynamical systems in mechanics and physics, New York: Springer- Verlag, 
1988. 

[2] A.V. Babin and M.I. Vishik, Attractors of differential evolution equations in unbounded domain, Proc. 

Roy. Soc. Edinburg, 116A (1990) 221-243. 
[3] A. V. Babin and M. I. Vishik, Attractors of evolution equations, Amsterdam: North-Holland, 1992. 
[4] E. Feireisl, Ph. Laurencot, F. Simondon and H. Toure, Compact attractors for reaction diffusion equations 

in ij", C. R. Acad. Sci. Paris Ser. I, 319 (1994) 147-151. 
[5] B. Wang, Attractors for reaction diffusion equations in unbounded domains, Physica D, 128 (1999) 41-52. 
[6] M. Efendiev and S. Zelik, The attractor for a nonlinear reaction-diffusion system in an unbounded domain. 

Comm. Pure Appl. Math., 54 (2001) 625-688. 
[7] J. M. Arrieta, J. W. Cholewra, T. Dlotko, and A. Rodriguez-Bernal, Asymptotic behavior and attractors for 

reaction diffusion equations in unbounded domains, Nonlinear Analysis: Theory, Methods & Applications, 

56 (2004) 515 - 554. 

[8] A. N. Carvalho, J. W. Cholewa and T. Dlotko, Global attractors for problems with monotone operators, 

Boll. Unione Mat. Ital. Sez. B Artie. Ric. Mat., 2 (1999) 693-706. 
[9] A. N. Carvalho and C. B. Gentile, Asymptotic behavior of non-linear parabolic equations with monotone 
principial part, J. Math. Anal. Appl., 280 (2003) 252-272. 
[10] M. Nakao and N. Aris, On global attractor for nonlinear parabolic equation of m-Laplacian type, J. Math. 

Anal. Appl., 331 (2007) 793-809. 
[11] M. Yang, C. Sun and C. Zhong, Global attractors for p-Laplacian equation, J. Math. Anal. Appl., 337 (2007) 
1130-1142. 

[12] M. Nakao and C. Chen, On global attractor for a nonlinear parabolic equation of m-Laplacian type in i?", 

Funkcialaj Ekvacioj, 50 (2007) 449-468. 
[13] C. Chen, L. Shi and H. Wang, Existence of a global attractors in for m-Laplacian parabolic equation 

in R", Boundary Value Problems, 2009 (2009) 1-17. 



LONG-TIME DYNAMICS 



17 



[14] A. Kh. Khanmamedov, Existence of a global attractor for the parabolic equation with nonlinear Laplacian 
principal part in an unbounded domain, J. Math. Anal. Appl., 316 (2006) 601-615. 

[15] A. Kh. Khanmamcdov, Global attractors for one dimensional p-Laplacian equation, Nonlinear Analysis: 
Theory, Methods & Applications, 71 (2009) 155-171. 

[16] M. Yang, C. Sun and C. Zhong, Existence of a global attractor for ap-Laplacian equation in ii", Nonlinear 
Analysis: Theory, Methods & Applications, 66 (2007) 1-13. 

[17] C. T. Anh and T. D. Ke, Long time behavior for quasilinear parabolic equations involving weighted p- 
Laplacian operators, Nonlinear Analysis: Theory, Methods & Applications, 71 (2009) 4415-4422. 

[18] C. T. Anh and T. D. Ke, On quasilinear parabolic equations involving weighted p-Laplacian operators, 
Nonlinear Differential Equations and Applications, 17 (2010) 195-212. 

[19] A. Kh. Khanmamedov, Global attractors for 2-D wave equations with displacement-dependent damping, 
Math. Methods in the Applied Sciences, 33 (2010) 177-187. 

[20] R. E. Showalter, Monotone Operators in Banach Space and Nonlinear Partial Differential Equations, Math- 
ematical Surveys Monographs, 49, American Mathematical Society, 1997. 

[21] J. Simon, Compact sets in the space Lp{0,T;B), Annah Mat. Pura Appl., 146 (1987) 65-96. 

[22] M. A. Krasnoselskii and Y. B. Rutickii, Convex Functions and Orlicz Spaces, P. Noordhoff Ltd., Groningen, 
1961. 

[23] J. L. Lions and E. Magenes, Non-Homogeneous Boundary Value Problems and Applications, New York: 

Springer- Verlag, Vol I, 1972. 
[24] O. A. Ladyzhenskaya, On the determination of minimal global attractors for the Navier-Stokes equations 

and other partial differential equations, Uspekhi Mat. Nauk, 42 (1987) 25- 60; Russian Math. Surveys, 42 

(1987) 27-73 (English Transl.). 

Department of Mathematics, Faculty of Science, Hacettepe University, Beytepe 06800, 
Ankara. Turkey 

E-mail address: pguvenShacettepe. edu.tr 
E-mail address: azer@hacettepe.edu.tr 



